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Michael  R.  Pinter  ♦ 

Belmont  University 
Nashville,  TN  37212 


Abstract 

An  independent  set  in  a  graph  is  a  subset  of  vertices  with  the  property  that  no  two 
of  the  vertices  are  joined  by  an  edge,  and  a  maximum  independent  set  in  a  graph  is  an 
independent  set  of  the  largest  possible  size.  A  graph  is  called  well-covered  if  every 
independent  set  that  is  maximal  with  respect  to  set  inclusion  is  also  a  maTitniim  indq>eDdent 
set  If  G  is  a  well-covered  graph  and  G  -  v  is  also  well-covered  for  all  vertices  v  in  G, 
then  we  say  G  is  1 -well-covered.  By  making  use  of  a  characterization  of  cubic  well- 
covered  graphs,  it  is  straightforward  to  determination  all  cubic  1 -well-covered  graphs. 
Since  there  is  no  known  characterization  of  k-regular  well-covered  graphs  for  k  ^  4,  it  is 
more  difficult  to  determine  the  k-regular  1 -well-covered  graphs  for  k  k  4^.  The  main  result 
in  this  regard  is  the  determination  of  all  3-connected  4-regular  planar  1-well-coveied 
graphs. 
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Introduction 

A  set  of  points  in  a  graph  is  independent  if  no  two  points  in  the  graph  are  joined  by 
a  line.  The  maximum  size  possible  for  a  set  of  independent  points  in  a  graph  G  is  called  the 

independence  number  of  G  and  is  denoted  by  fl(GI.  A  set  of  independent  points  which 
attains  the  maximum  size  is  referred  to  as  a  maximum  independent  set.  A  set  S  of 
independent  points  in  a  graph  is  maximal  (with  respect  to  set  inclusion)  if  the  addition  to  S 
of  any  other  point  in  the  graph  destroys  the  independence.  In  general,  a  maTiTnai 
independent  set  in  a  graph  is  not  necessarily  maximum 

In  a  1970  paper,  Plummer  [12]  introduced  the  notion  of  considering  graphs  in 
which  every  maximal  independent  set  is  also  maximum;  he  called  a  graph  having  this 
property  a  well-covered  graph.  Equivalently,  a  well-covered  graph  is  one  in  which  every 
independent  set  can  be  extended  to  a  maximum  independent  set.  Sankaranarayana  and 
Stewart  [15]  and,  independendy,  Chvital  and  Slater  [3],  have  shown  that  determining  if  a 
given  graph  G  is  not  well-covered  is  an  NP-complete  problem.  Hence,  determining  if  a 
graph  is  well-covered  is  in  the  class  of  problems  referred  to  as  co-NP-complete.  V^at  is 
not  known  is  whether  or  not  well-covert  is  an  NP-complete  property. 

The  work  on  well-covered  graphs  that  has  appeared  in  the  literature  has  focused  on 
certain  subclasses  of  well-covered  graphs.  The  subclasses  covered  include  cubic  well- 
covered  graphs  ([1],  [2]  and  [14]),  well-covered  graphs  whose  independence  number  is 
exacdy  one-half  the  size  of  the  graph  ([16],  [4],  [5]),  weU-covered  graphs  with  girth  at 
least  five  [6],  well-covered  graphs  without  4-cycles  and  5-cycles  [7],  and  products  of  well- 
covered  graphs  [18]. 

Staples  ([16]  and  [17])  introduced  two  subclasses  of  well-covered  graphs  which 
she  called  1 -well-covered  and  W2.  A  weU-covered  graph  is  1 -well-covered  if  and  only  if 
the  deletion  of  any  point  from  the  graph  leaves  a  graph  which  is  also  well-covered.  A  well- 
covered  graph  G  is  in  the  class  Wo  if  and  only  if  any  two  disjoint  independent  sets  in  G 
can  be  extended  to  two  disjoint  maximum  independent  sets.  Some  other  results  for  graphs 
in  W2  were  obtained  in  [1 1]. 

In  this  paper,  we  primarily  consider  1 -well-covered  planar  regular  graphs. 
Campbell  characterized  the  cubic  planar  well-covered  graphs  in  [1];  however,  the  technique 
he  employed  becomes  very  cumbersome  when  applied  to  planar  4-regular  or  5-regular 
well-covered  ^aphs.  For  this  reason,  we  focus  on  the  one-well-covercd  graphs.  The 
primary  result  is  stated  in  Theorem  13. 

Preliminary  Results 

Staples  [16]  proved  an  equivalency  between  two  seemingly  different  subclasses  of 
well-covert  graphs,  which  we  state  as  the  following  theoreno. 

Theorem  1.  Suppose  G  is  well-covered.  Then  G  is  1 -well-covered  if  and  only  if  Ge  W2. 

Since  we  will  appeal  mostly  to  the  notion  of  extending  two  disjoint  independent  sets 
to  disjoint  maximum  independent  sets,  henceforth  we  use  the  W2  nomenclature  instead  of 
referring  to  1 -well-covered  graphs. 

Consider  a  graph  G  which  is  not  complete  and  point  v  in  G.  By  deleting  v  and  its 
neighbors,  we  obtain  a  subgraph  of  G.  Specifically,  we  define  the  subgraph  Gy  =  G-N[v]. 
Campbell  [1]  proved  the  following  very  useful  necessary  condition  for  a  graph  to  be  well- 
covered. 

Theorem  2.  If  a  graph  G  is  well-covered  and  is  not  complete,  then  Gy  is  well-covered  for 
all  V  in  G.  Moreover,  a(Gv)  =  a(G)  -  1. 


1 


2 


We  prove  in  Theorem  3  that  we  have  a  similar  necessary  condition  for  a  well- 
covered  graph  to  be  in  W2. 

Theorem  3.  If  a  graph  G  is  in  W2  and  G  is  not  complete,  then  Gy  is  in  W2  for  all  v  in  G. 

Proof.  Let  V  be  a  point  in  G.  Since  G  is  not  complete,  then  Gy  ^0.  By  Theorem 
2,  graph  Gy  is  well-covered  and  a(Gy)  =  a(G)  -  1.  Suppose  Ii  and  I2  arc  disjoint 
independent  sets  in  Gy.  Then  Ii  u  {v}  is  an  independent  set  in  G,  as  is  I2U  {v}.  Since  G 
is  in  W2,  there  exists  maximum  independent  set  Ji  2  Ii  u  (v)  such  that  Ji  n  I2  =  0.  Since 
I2U  {v}  and  Ji-v  are  disjoint  independent  sets  in  G,  then  there  exists  maximum 
independent  set  J22 12  ^  {v}  such  that  J2ri  (Ji-v)  =  0,  Hence,  J2-V  and  Ji-v  are  disjoint 

independent  sets  in  Gy.  Since  IJil  =  a(G),  then  Bj-vl  =  a(G)  - 1,  for  i  =  1, 2.  Thus,  Jj-v 
contains  Ii,  J2-V  contains  I2,  and  Ji-v  and  J^v  are  disjoint  maTim»Tn  independent  sets  in 
Gy.  So  any  two  disjoint  independent  sets  in  Gy  can  be  extended  to  disjoint  TnaTiTnnm 

independent  sets  in  Gy.  By  definition  of  the  class  W2,  we  conclude  that  Gy€  W2.  Q 

The  next  lemma  will  play  a  significant  role  for  us.  We  will  use  it  to  eliminate  many 
graphs  from  consideration  as  possible  W2  graphs. 


Lemma  4.  Suppose  G  contains  an  independent  set  S  and  point  v«  S  such  that  (i)  S  u  (v) 

is  independent,  and  (ii)  if  ye  N(v),  then  y  ~  x  for  some  xe  S  (that  is,  S  dtMninates  N(v) ). 
Then  G  is  not  in  W2. 

Proof.  If  G  is  not  well-covered,  then  G  is  not  in  W2.  If  G  is  well-covered,  then 
from  conditions  (i)  and  (ii),  we  have  that  S  n  N(v)  =  0  and  S  dominates  N(v).  Thus,  S 
and  {v}  are  disjoint  independent  sets  in  G  which  don’t  extend  to  disjoint  maYimnm 
independent  sets  in  G.  Therefore,  G  is  not  in  W2.  Q 


For  graphs  drawn  in  the  plane,  we  say  two  faces  are  adjacent  if  diey  share  a  line.  If 
a  face  F  contains  point  v,  we  say  F  is  incident  to  v.  The  size  of  a  face  is  the  number  of 
points  it  contains.  We  refer  to  the  order  and  sizes  of  the  faces  incident  to  a  point  v  as  the 
face  configuration  at  v.  To  reduce  the  number  of  face  configurations  considered,  we  will 
use  the  theory  of  Euler  contributions.  Lebesgue  [8]  developed  the  theory  of  Euler 
contributions  for  planar  graphs  and  Ore  [9]  and  Ore  and  Plummer  [10]  used  the  theory  10 

snidy  plane  graph  colorings.  The  Euler  contribution  of  a  point  v.  ^(vL  is  defined  as  the 


quantity  <|)(v)  =  1  -  (l/2)deg(v)  +  Z(l/xi),  where  the  sum  is  taken  over  all  faces  Fj  incident 
to  V  and  Xj  is  the  size  of  Fj.  If  IF(G)I  denotes  the  number  of  faces  in  the  plane  graph  G, 

then  it  follows  that  Zy  <{)(v)  =  IV(G)I  -  IE(G)I  +  IF(G)I.  Here  the  sum  is  taken  over  all  points 
V  in  G.  Since  Euler’s  formula  for  plane  graphs  says  IV(G)I  -  IE(G)I  +  IF(G)I  =  2,  then  we 

have  Zy  <|>(v)  =  2.  Thus,  <t)(v)  must  be  positive  for  some  v  in  G.  If  <(>(v)  >  0,  we  say  v  is  a 
point  with  positive  Euler  contribution. 


Cubic  W2  Graphs 

Consider  the  three  graph  fragments  given  in  figure  1.  Note  that  fragments  A  and  B 
each  have  four  semi-lines  and  fragment  C  has  two  semi-lines. 
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Let  W  be  the  family  of  cubic  graphs  obtained  from  fragments  A,  B  and  C  by 
placing  any  number  of  the  fragments  in  a  cycle  or  path  configuration  and  then  joinmg  the 
left-hand  semi-lines  of  one  fragment  to  the  right-hand  semi-lines  of  die  fragment  on  its  left. 
Since  crossing  the  lines  joining  one  fragment  to  another  gives  a  graph  which  is  isomorphic 
to  the  graph  obtained  without  crossing  the  lines,  then  we  can  assume  the  lines  do  not  cross. 

Building  on  the  work  of  Campbell  [1],  Royle  and  Ellingham  [14]  proved  that,  with 
a  few  small  exceptions,  all  cubic  well-covered  graphs  belong  to  W.  We  state  their  result  in 
Theorem  5. 

Theorem  5:  All  cubic  well-covered  graphs,  except  for  the  6  graphs  in  Rgure  2,  belong  to 
W.  Moreover,  all  graphs  in  W  are  well-covered. 


Figure  2 


Using  the  characterization  of  cubic  well-covered  graphs  given  in  Theorem  5,  in  the 
next  theorem  we  determine  all  of  the  cubic  W2  graphs. 

Theorem  6.  The  only  cubic  W2  graphs  are  K4  and  the  triangular  prism. 

Prpof.  Of  the  6  exceptional  cubic  graphs  given  in  Figure  2,  only  K4  is  a  W2  graph. 
For  each  of  the  other  five  graphs,  it  is  straightforward  to  find  two  disjoint  independent  sets 
which  don't  extend  to  disjoint  maximum  independent  sets  in  G.  We  ornit  the  details. 

Suppose  G  is  a  graph  in  the  family  IV.  Then  G  is  obtained  by  connecting 
fragments  A,  B  and  C  in  paths  or  cycles. 
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Case  1.  Suppose  G  contains  fragment  A.  If  ai  ~  as  and  aj  ~  a^,  then  G  is  the 
triangular  prism.  It  is  easily  verified  that  the  triangular  prism  is  a  W2  graph. 

Suppose  IV(G)I  >  6.  Without  loss  of  generality,  let  x  ~  as  and  y  ~  a^,  where  x  and 
y  are  not  in  the  original  A  fragment.  Then  x  ~  y  and  {y,a2)  is  independent.  Thus,  (y,a2} 

and  { as }  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  G«  W2. 

Case  2.  Suppose  G  contains  fragment  B.  If  bi  ~  b4  and  bs  -  bg,  then  {b3,b5}  and 
{ bi )  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  G<l  W2. 

Suppose  IV(G)I  >  8.  Without  loss  of  generality,  let  x  ~  b4  and  y  ~  bs,  where  x  and 
y  are  not  in  the  original  B  fragment.  Then  x  ~  y  and  {y,b2}  is  independent.  Thus,  {y,b2) 

and  {b4}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  G€  W2. 

Case  3.  Suppose  G  contains  fragment  C.  Then  IV(G)I  >  6.  Let  x  -  ci  and  y  - 
such  that  X  and  y  are  not  in  the  original  C  fraginenL  Then  x  -  y  and  {y,C3)  is  independent 
Thus,  (y.cs)  and  {ci)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So 

G<eW2. 

Therefore,  K4  and  the  triangular  prism  are  the  only  cubic  W2  graphs.  Q 

4-regular  Planar  W2  Graphs 

We  now  turn  our  attention  to  4-regular  W2  graphs.  Since  no  characterization  of  4- 
regular  well-covered  graphs  is  known  (unlike  the  simation  for  cubic  well-covered  graphs), 
we  focus  most  of  our  efforts  on  only  the  planar  3-cotmected  4-tegolar  W2  graphs.  But  firk 
we  show  in  Theorem  7  that  no  4-regular  W2  graph  has  a  cutpoinL 

Theorem  7.  Suppose  G  is  4-regular  and  in  W2.  Then  G  is  2-connected. 

Proof.  Assume  to  the  contrary  that  G  has  a  cutpoint  v.  Since  G  is  4-regular,  then 
G-v  must  have  exactly  two  components,  say  Gi  and  G2,  each  containing  two  neighbors  of 

V.  Let  N(v)  n  Gi  =  {ai.bi}  and  N(v)  n  G2=  {a2,b2).  Define  Ai,  A2,  Bj  and  B2  as 

follows:  Ai  =  (N(ai)nGi)- {bi},Bi=(N(bi)nGi)- (aj), fori  =  1,2.  LctyieBi. 

Case  1 .  Suppose  there  exist  points  uje  Ai,  yi€ Bi,  U2e  A2  and  y26  B2  such  that 
ui  is  not  adjacent  to  yi  (possibly  ui  =  yO  and  U2  is  not  adjacent  to  y2  (possibly  U2  =  y2). 
Then  {ui,U2,yi,y2l  is  independent  and  so  {ui,U2,yi,y2}  and  (v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G,  a  contradiction  since  G  is  in  W2- 

Case  2.  So  either  every  uis  Ai  is  adjacent  to  every  yje  Bi,  or  every  U2e  A2  is 

adjacent  to  every  y2€  B2.  Without  loss  of  generality,  assume  every  ui€  Aj  is  adjacent  to 

every  yi6  Bi.  Let  ze  Ai.  Note  that  z  is  not  adjacent  to  bi.  Thus,  {ui,a2)  and  (bi)  arc 
disjoint  independent  sets  in  G  which  don't  extend  to  disjoint  maximum  independent  sets  in 
G,  a  contradiction  since  G  is  in  W2. 

■  Therefore,  G  cannot  have  a  cutpoint.  j] 

The  following  four  lemmas  will  be  helpful  in  determining  the  3-connected  4-regular 
planar  W2  graphs. 

Lemma  8.  Suppose  G  is  3-connected  4-regular  and  planar.  Suppose  v  is  a  point  in  G  with 
face  configuration  (3,3,x,y),  x,  y  ^  3,  where  mo  triangles  incident  to  v  share  a  line.  If 
two  triangles  at  v  are  uiU2V  and  U2U3V,  then  ui  is  not  adjacent  to  U3. 

Proof.  Assume  to  the  contrary  that  ui  -  U3.  Let  U4  be  the  fourth  neighbor  of  v  (see 
Figure  3).  If  ui  has  its  fourth  neighbor  on  one  side  of  triangle  U1U3V  and  U3  has  its  fourth 
neighbor  on  the  other  side  of  triangle  U1U3V,  then  either  (v.ui)  or  {v,U3)  is  a  cutset  of  G. 
This  contradicts  the  3-connccted  assumption.  Thus,  ui  and  U3  each  have  their  fourth 
neighbor  on  the  same  side  of  triangle  U1U3V,  and  so  either  v  or  U2  is  a  cutpoint  for  G.  This 
again  contradicts  the  3-connected  assumption.  0 
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The  next  three  lemmas  are  fairly  obvious;  hence,  we  omit  proofs.  T  Amma  1 1  says 
that  two  faces  in  a  3-connected  planar  graph  which  are  incident  to  the  same  point  either 
have  only  that  point  in  common  or  they  are  adjacent  faces  at  the  point  and  share  only  a  line. 

Lemma  9.  Suppose  G  is  3-connected  4-regular  and  planar.  Suppose  F4  =  VU4...U1  is  an 
n-face  at  v,  n  >  3,  and  Fi  =  vuiU2  is  a  triangular  face  at  v  such  that  F4  and  Fi  share  die  line 

vui.  If  x€  F4  such  that  x€  (v,ui },  then  x  is  not  adjacent  to  U2. 

Lemma  10.  Suppose  G  is  3-connected  and  planar.  Suppose  x  and  y  are  non-consecutive 
points  on  a  face  of  G.  Then  x  is  not  adjacent  to  y. 

Lemma  11.  Suppose  G  is  planar  and  3-connected.  Suppose  v  is  a  point  of  G  with  incident 
faces  Fi,  F2, . . . ,  Fn. 

(i)  If  Fi  and  Fj  share  a  line  xv  (i  ^  j),  then  Fi  n  Fj  =  xv. 

(ii)  If  Fi  and  Fj  do  not  share  a  line  of  the  form  xv,  for  any  xe  N(v),  then  Fi  n  Fj  =  { v). 


In  the  following  lemmas,  we  will  repeatedly  use  Lennma  4.  In  particular,  if  S  and  v 
are  an  independent  set  and  point,  respectively,  which  satisfy  the  hypotheses  of  4^ 
we  will  say  that  S  and  (v)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  If  G 
is  assumed  to  be  a  W2  graph,  then  we  will  have  a  contradiction. 

For  the  next  lemma  only,  we  don't  require  G  to  be  planar. 

Lemma  12.1.  Suppose  G  is  3-connected  4-regular  and  in  W2.  If  G  has  a  4- wheel 
configuration  at  a  point,  then  G  is  K5. 

Proof.  Assume  v  is  a  point  in  G  with  N(v)  =  {01,02,03,04},  and  triangles  U1U2V, 
U2U3V,  U3U4V  and  U4U1V  forming  a  4-wheel  configuration  at  v. 

Suppose  ui  ~  U3.  If  U2  is  not  adjacent  to  U4,  then  (02,04)  is  a  cutset  for  G.  So  U2- 
U4.  It  follows  that  G  is  K3. 

Suppose  ui  is  not  adjacent  to  U3.  Let  x  be  the  fourth  neighbor  of  03.  If  x  -  m, 
then  (ui)  and  {03}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  x  is  not 
adjacent  to  ui. 

Suppose  X  ~  U2  and  X  ~  U4.  Then  {x,ui )  is  a  cutset  for  G  since  x  is  not  adjacent  to 
ui.  So  we  can  assume  either  x  is  not  adjacent  to  07  or  x  is  not  adjacent  to  U4.  l^thout  loss 
of  generality,  assume  x  is  not  adjacent  to  07.  Since  G  is  4-regular,  there  is  a  point  y  such 
that  y  ~  X  and  y  is  not  adjacent  to  ui.  Then  {y,ui)  and  (03)  don't  extend  to  disjoint 
maximum  independent  sets  in  G. 

Hence,  U]  must  be  adjacent  to  U3,  and  so  G  must  be  Ks. 
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We  will  attack  the  problem  of  finding  all  3-connected  4-rcgular  planar  W2  graphs 
using  the  theory  of  Euler  contributions.  In  each  of  the  next  ten  lemmas,  we  consider  a 
particular  face  configuration  at  a  point  v.  Afterwards,  the  result  which  we  pursue  will 
follow  easily.  We  will  implicity  use  Lemma  11  in  each  of  these  ten  lemmas 

Lemma  12.2.  Suppose  G  is  3-connected  4-iegQlar  planar  and  in  W2.  If  G  has  a  point  v 
with  face  configuration  (3, 3, 3,4),  then  G  is  the  graph  given  in  Rgure  4. 


Proof.  Suppose  v  has  face  configuration  (33,3,4)  with  N(v)  =  {ui,U2,U3,U4)  and 
the  4-face  at  v  is  U1VU4X  (see  Figure  5). 


From  Lemma  8.  u^  is  not  adjacent  to  u^  and  u;  is  not  adjacent  to  U£.  From  Lemma 
9,  X  is  not  adjacent  to  U2  and  x  is  not  adjacent  to  us.  From  Lemma  10,  m  and  u^  are  not 
adjacent. 

Let  z  be  the  fourth  neighbor  of  U2.  From  above,  z£  {x,U4).  Let  {w}  =  N(u4)  - 

{X,V,U3}. 

Case  1 .  Suppose  z  ~  U4.  Since  x  is  adjacent  to  neither  U2  nor  U3,  then  there  exists  a 
point  s  ~  X  such  that  s*z.  Then  {s,U2}  is  independent  and  so  {s,U2}  and  {U4)  do  not 
extend  to  disjoint  maximum  independent  sets  in  G,  a  contradiedon.  Thus  z  is  not  adjacent 
IQJI4. 

Case  2.  Suppose  z  -  U3. 

Case  2.1.  If  x  and  z  are  not  adjacent,  then  {x,z}  and  (v)  do  not  extend  to  disjoint 
maximum  independent  sets  in  G.  So  x  -  z. 

Case  2.2.  If  z  ~  ui,  then  (x.ua)  is  a  cutset  for  G.  So  z  and  ui  are  not  adjacent 

Let  m  -  ui  such  that  m«  { x,v,U2} .  Since  G  is  planar,  m  and  w  are  not  adjacent  (see  Figure 
6).  If  z  ~  m,  then  {x,U4)  is  a  cutset  So  z  and  m  are  not  adjacent  If  z  ~  w,  then  {x,w)  is 
a  cutset.  So  z  and  w  are  not  adjacent.  But  then  {z,w4n)  is  independent  and  so  {z,w,m) 
and  {v}  don't  extend  to  disjoint  maximum  independent  sets  in  G,  a  contradiedon. 
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Thus,  2  and  are  not  adjacent. 

Case  3.  Suppose  x  ~  z. 

Case  3.1 .  Suppose  z  and  ui  are  not  adjacent  Let  ye  ( N(ui)  -  {x,v,U2) ),  and  let 
Y  =  N(y)  -  ui. 

Case  3.1.1.  Suppose  there  exists  pe  Y  such  that  p  is  not  adjacent  to  z.  Then 
(p,z,U4}  is  independent  and  so  {p,z,tt4}  and  (ui)  don't  extend  to  disjoint  maximum 
independent  sets  in  G. 

Case  3.1.2.  Thus,  pe  Y  implies  p  -  z.  If  y  -  z,  then  {2,03}  and  (ui)  don’t 
extend  to  disjoint  maximum  Independent  sets  in  G.  Soy  and  z  are  not  adjacent  But  then 
{z,v}  and  {y)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Thus.  X  ~  z  implies  z  ~  uj^.  See  Figure  7. 


z 


Case  3.2.  Suppose  w  and  U3  are  not  adjacent  Let  y  ~  U3,  ye  {v,U2,U4).  From 
above,  ye  {x,z). 

Case  3.2,1.  If  y  -  w,  then  {w,ui)  and  {03}  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  and  w  arc  not  adjacent 

Case  3.1-.2.  Suppose  z  ~  y.  Let  {a,b)  =  N(y)-(z,03}.  If  w  -  a  and  w  -  b,  then 
{w,u2}  and  (y)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So,  without  loss 
of  generality,  assume  w  is  not  adjacent  to  a.  If  a  =  x  (that  is,  x  -  y),  then  {y,U4}  is  a 
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cutset  So  a  ^  X  and  {w,a,ui}  is  independent  But  then  {w^,ui}  and  {U3J  don’t  extend 
to  disjoint  maximum  independent  sets  in  G. 

Hence,  z  and  y  are  not  adjacent 

Case  3.2.3.  Suppose  z  ~  w.  Then  (w.us)  is  a  cutset  So  z  and  w  are  not 
adjacent 

Hence,  {z,w,y)  is  independent  and  so  (z,w,y}  and  {v)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G. 

Thus,  X  ~  ;  iipplies-y  ~  ua- 

Case  3.3.  If  z  and  w  are  not  adjacent,  then  {w,z)  and  (v)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  z  ~  w. 

Thus, x~z  implies  z~w. 

Case  3.4.  If  x  and  w  are  not  adjacent,  then  {x,w)  is  a  cutset  So  x  -  w. 

Thus.  X  ~  z  implies  x  ~  w.  See  Figure  8. 


z 


Consequently,  if  x  ~  z  then  G  must  be  the  graph  given  in  Figure  4. 

Now,  recall  from  earlier  that  the  following  sets  are  independent*  {x,U2},  {x,U3}, 
{z,U3},  {z,U4},  {U2,U4},  {ui,U3),  {ui,U4}.  Thus  there  exists  y  -  U3  such  that 
y€  {x,z,v,ui,U2,U4}.  Since  z  and  U4  are  not  adjacent  it  follows  by  symmetry  that  y  and  ui 
are  not  adjacent 

Case  4.  If  x  ~  y,  then  by  symmetry  and  the  argument  given  in  Case  3  for  x  -  z,  the 
only  W2  graph  which  can  result  is  the  graph  obtained  in  Case  3. 

Case  5.  So  we  assume  x  is  not  adjacent  to  z  and  y  is  not  adjacent  to  x. 

If  y  and  z  are  not  adjacent,  then  {x,y,z}  is  indq)endent  and  so  {x,y,z}  and  {v] 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  y  ~  z. 

Suppose  y  ~  U4.  Since  y  is  not  adjacent  to  ui,  then  there  exists  w  ~  y  such  that 

w«  {x,z,v,ui,U2,U3,U4).  If  w  ~  X,  then  {w,U2)  and  {U4)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  w  and  x  are  not  adjacent. 

Since  G  is  4-regular,  there  exist  points  s  and  t  such  that  s  and  t  are  neighbors  of  x 

and  {s,t}  n  {v,y,z,ui,U2,U3,U4}  =  0.  Suppose  w  and  s  are  not  adjacent.  Then  {w,s,U2} 
and  {U4)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  w  -  s  and, 
similarly,  w  ~  t  (see  Figure  9).  But  then  {v,w)  and  (x)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G. 
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Rgure9 

Hence,  y  and  U4  are  not  adjacent  By  symmeny,  z  and  Ui  are  not  adjacent  Thus 

there  exists  m  -  ui  such  that  tn«  (x,y,z,v,ui,a2,U3,U4).  If  m  ~  U4,  then  {z,U4)  and  (ui) 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  m  and  U4  are  not  adjacent 

Suppose  m  ~  y.  Then  there  exists  a  point  n  ~  U4  such  that  {n,z,ui )  is  independent 

where  n«£  {x.v.us}.  But  then  {n,z,ui)  and  {U3)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  m  and  y  are  not  adjacent  (see  Hgure  10). 


Rgurc  10 

From  above,  we  see  that  {m,y,U4}  is  independent  Then  (nty,U4)  and  {U2}  don’t 
extend  to  disjoint  maximum  independent  sets  in  G. 

Therefore,  the  graph  shown  in  Figure  2.5  is  the  only  3-connected  4-regular  planar 
W2  graph  with  the  (3,3,3,4)  face  configuration.  Q 

Lemma  12.3.  Suppose  G  is  3-connected  4-regular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,3,5). 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3,3,5).  Let  N(v)  = 
(ui,U2,U3,U4}  and  the  5-face  at  v  be  abu4VU].  From  Lemma  8,  u^  is  not  adjacent  to  ui  and 
U2  is  not  adjacent  to  ux.  From  Lemma  9.  a  is  not  adjacent  to  U2.  a  is  not  adjacent  to  U2.  b  is 
not  adjacent  to  U2.  and  b  is  not  adjacent  to  u^.  From  Lemma  10,  a  is  not  adjacent  to  u^. 
is  not  adjacent  t0  U4.  and  b  iS  not  adjaccnt.to  Uj. 
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Thus,  there  exists  x  ~  U4  such  that  x«  {a,b,v,ui,n2,U3}.  By  symmetry,  there  exists 

y  ~  ui  such  that  y€  { a,b,v,U2,U3,U4}  (we  do  not  exclude  the  possibility  that  y  =  x). 

Case  1.  Suppose  a  ~  x.  Then  {a,U2}  and  (U4)  don't  extend  to  disjoint  mayimiim 
independent  sets  in  G.  So  a  is  not  adjacent  to  x.  Bv  svnametrv.  v  is  not  adjacent  m  h 

Let  {p}  =N(u2)  -  {v,ui,U3}. 

Case  2.  If  p  =  x  (that  is,  x  -  U2)  or  p  -  a,  then  {a,U4}and  {U2}  don't  extend  to 
disjoint  maximum  independent  sets  in  G.  So  p»x  and  n  and  a  are  not  adiacenL 

Case  3.  Suppose  p~x. 

Case  3.1.  Suppose  p  ~  U3.  If  x  ~ui,  then  {p,t,ui)  and  {U4}  don't  extend  to 
disjoint  maximum  independent  sets  in  G,  where  t  ~  b  such  that  t£  {a,U4}.  So  x  is  not 
adjacent  to  ui.  Thus  {x,ui  ]  and  {U3)  don't  extend  to  disjoint  maximiim  independent  sets 
in  G. 

Hence,  p  is  not  adjacent  to  U3. 

Case  3.2.  Suppose  x  -  U3. 

Case  3.2.1.  If  x  ~  b  or  x  -  ui,  then  {b,ui}  and  {U3)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  x  is  adjacent  to  neither  b  nor  ui. 

Thus,  there  exists  z  ~  x  such  that  z«  {a,b,ui,U3,U4,p). 

Case  3.2.2.  If  z  is  not  adjacent  to  a,  then  {a,z,U2)  is  independent  and  so  {aAU2} 
and  {U4}  don't  extend  to  disjoint  maximum  independent  sets  in  G,  So  z  ~  a. 

Case  3.2.3.  If  z  ~  b,  then  {z,U2)  and  {U4)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  z  is  not  adjacent  to  b. 

Case  3.2.4.  If  z  is  not  adjacent  to  ui,  then  {b,z,ui)  is  independent  and  so  {b,z,ui} 
and  {U3}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  z  ~  ui.  But  then 
(p.z)  is  a  cutset  for  G. 

Thus,  X  is  not  adjacent  to  U3.  So  there  exists  w  -  U3  and  m  ~  w  such  that 

(v,U2,U4}  and  {w,m}  n  (p.x)  =  0  (see  Figure  11).  But  then  (b,m,ui}  is 
independent  and  so  {b,m,ui}  and  {U3}  don't  extend  to  disjoint  maximum  independent  sets 
in  G. 


Hence,  p  is  not  adjacent  to  x.  Thus  {p,x,a}  is  independent  By  symmetry,  there 

exists  q  ~  U3  such  that  q«  { v,U2,U4,a,y }  and  q  is  not  adjacent  to  v. 

If  any  member  of  {p,x,a}  is  adjacent  to  U3,  then  {p,x,a}  and  (v)  don't  extend  to 

disjoint  maximum  independent  sets  in  G.  So  q«  {a,p,x). 

Suppose  X  ~  ui  (that  is,  x  =  y).  Then  {p,t,U4)  and  (ui)  don't  extend  to  disjoint 

maximum  independent  sets  in  G,  where  t  ~  a  such  that  t€  {b,ui}.  Thus,  x  is  not  adjacent 
to  uj;  hence,  See  Figure  12. 
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Suppose  p  ~  q.  Then  {q,y,U4)  and  (02)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  p  and  q  are  not  adiacenL  Suppose  q  -  x.  Then  (x.ui)  and 
{U3}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  g  is  not  adjacent  tn  x 
and,  by  symmetry,  pJiaoi  adjacent  tO  y.  If  q  ~  a,  then  {x,y,p,q)  is  an  independent  set. 
Thus,  {x,y,p,q}  and  (v)  don't  extend  to  disjoint  maximran  independent  sets  in  G.  Sogis 
not  adjacent  to  a.  and  it  follows  that  {a,x,p,q)  is  independenL  But  then  {a,x.p,q}  and  (v) 
don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Therefore,  the  face  configuration  (3, 3,3,5)  cannot  occur.  Q 

Lemma  12.4.  Suppose  G  is  3-connected  4-regular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,3,n),  n  S  6. 

Eraaf.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3,3,n),  n  >  6.  Let 
N(v)  =  {ui,U2,U3,U4},  and  let  the  n-face  at  v  be  U3cb2. .  .bau4V  .  From  Lemma  8,  u^Js 
not  adiaccnl  ta  ua  and  U2  isnot  adjacent  to  u^.  ftom  Lemma  9,  a  is  not  adjacent  to  11^  ui 
and  b  are  not  adjacent,  c  is  not  adiacent  to  uj^.  a  is  not  adjacent  to  uj.  b  is  not  adiacentTn 
il2,  c  is  not  adiacent  to  U2.  and  u^  and  b;^  are  not  adiacent.  Fronri.emTna  10,  a  is  not 
adlaocat.to  z,  atsuotadiaocnttou^*  ctsnot  adjacent  to  u^. 

Now  let  s  ~  U2  such  that  stf  {v,ui,U3}. 

Case  1.  Suppose  s  ~  c.  Then  {c,U4)  and  {U2)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  Thus,  s  is  not  adiacent  to  c. 

Case  2.  Suppose  s  ~  a. 

Case  2.1,  If  s  ~  U4,  then  {c,U4)  and  (02)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  s  is  not  adjacent  to  U4. 

.  Let  w  ~  U4  such  that  wg  {a,v,ui }. 

Case  2.2.  If  w  -  a,  w  -  s  and  w  ~  ui,  then  {a,U3}  and  (ui)  don’t  extend  to 

disjoint  maximum  independent  sets  in  G.  Thus  there  exists  t  ~  w  such  that  t«!  {a,s,ui,U4}. 
But  then  {b,t,U2}  and  {U4)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence,  s  is  not  adiacent  to.  a. 

Case  3.  If  s  ~  ui,  then  (a,s,c)  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  s  and  u_[  are  not  adiacent. 

Let  t  ~  ui,  where  w  {v,U2,U4};  by  symmetry  with  s,  t  is  adiacent  to  neither  a  nor  c. 

Case  4.  Suppose  s  ~  t. 

Case  4.1.  Suppose  s  ~  U3. 

Case  4.1.1.  Suppose  t  ~  U4.  Let  (w)  =  N(t)  -  {s,ui,U4}.  If  a  ~  w,  then  {a,U2) 
and  { t}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  a  is  not  adjacent  to  w. 

Let  N(a)  -  {b,U4)  =  {yi,y2}.  If  w  -  b,  w  ~  yi  and  w  ~  y2,  then  (w,v)  and  {aj 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  Thus  there  exists  some  x  ~  a,  x 
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U4,  such  that  x  is  not  adjacent  to  w  (sec  Figure  13).  But  then  {x,w,u2)  is  independent  and 
so  {x,w,U2)  and  {U4}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 


Case  4.1.2.  So  t  is  not  adjacent  to  U4.  Then  {t,U4,c)  and  (U2}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G. 

Case  4.2.  Hence,  s  is  not  adjacent  to  U3.  It  follows  that  {a,s,U3}  is  independent 
Hence,  {a,s,U3}  and  {ui }  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

TTius,  s  is  not  adjacent  to  t.  Then  {s,t,a,c}  is  independent  and  {s,t,a,c}  and  {v} 
don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Therefore,  the  face  configuration  (3,3, 3,n),  n  ^  6,  cannot  occur.  Q 

Lemma  12.5.  Suppose  G  is  3-connected  4-icgular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,4,4). 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3,4,4).  Let  N(v)  = 

{U1,U2,U3,U4). 

Case  1.  Suppose  the  cyclic  order  of  the  faces  at  v  is  (3,4,3,4),  with  faces  uiU2v, 
U2bu3V,  U3U4V  and  U4auiv.  By  Lenma  9,  a  is  not  adjacent  to  U2.  a  is  not  adjacent  to  u^.  fe 
is  not  adjacent  to  uj^.  and  b  is  not  adjacent  to 

If  a  is  not  adjacent  to  b,  then  {a,b}  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  a  ~  b.  Thus  there  exists  x~Ui.  v  ~U2.  s~  u^and  t~U£  such 

that  {x,y,s,t}  n  {a,b,v,ui,U2,U3,U4}  =0. 

If  X  =  y  and  s  =  t,  then  {x,s)  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  either  x  #  y  or  s  t.  Without  loss  of  generality,  assume  x^v. 
Suppose  X  ~  y.  Then  {y,U4)  and  {ui }  don’t  extend  to  disjoint  maximum  independent  sets 
in  G.  So  X  is  not  adjacent  to  v. 

If  s  =  t,  then  {s,x,y}  and  {v}  don't  extend  to  disjoint  maximum  independent  sets  in 
G.  So  Since  s*i  and  by  symmetty  with  x  and  y,  it  follows  that  s  is  not  adjacent  to 
j.  But  then  {s,t,x,y)  is  independent  since  G  is  planar,  and  so  {s,t,x,y}  and  {v}  don’t 
extend  to  disjoint  maximum  independent  sets  in  G  (see  Hgure  14). 
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Thus  the  cyclic  face  order  (3, 4,3, 4)  cannot  occur. 

Case  2.  Suppose  the  cyclic  face  order  is  (3,3, 4,4),  with  faces  uiU2V,  U2U3V, 
U3bU4V  and  U4auiv.  By  Lemma  8,  u^  is  not  adjacent  to  By  Lemma  9,  a  is  nnt  ariiarwit 
tou2.  b  is  not  adjacent  to  u;.  and  u^^is  not  adjacent  to  U£.~By  Lemma  10,  U|  is  not  adjacent 
touA  and  u^^  is  not  adjacent  to  Uj_. 

Case  2.1.  Suppose  a  ~  b.  Then  there  exists  2-04  and  w  ~  z  such  that  {w,z}  n 

{a,b}  =  0.  Since  G  is  planar,  {ui,U3,w}  is  independent;  hence,  {ui,U3,w)  and  (u*) 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  Thus,  a  is  not  adjacent  to  b. 

Let  v~U2  such  that  y«  {v,ui,U3}. 

Case  2.2.  Suppose  y  ~  a. 

Case  2.2.1.  Suppose  y  ~  ui  (see  Figure  15). 


Thus,  cither  we  have  a  (3,3,3,4)  face  configuration  at  ui,  or  there  is  a  point  inside 
triangle  yaui  or  inside  triangle  yu2Ui.  From  Lemma  12.2,  point  ui  cannot  have  a  (3,3,3,4) 
face  configuration.  If  there  is  a  point  inside  triangle  yaui,  then  (y,a)  is  a  cutset, 
contradicting  3-connectedness.  If  there  is  a  point  inside  triangle  yuiU2,  then  y  is  a  cutpoini, 
contradicting  3-connectcdness. 

Case  2.2.2.  Hence,  y  and  ui  are  not  adjacent  (we  arc  still  assuming  that  y  ~  a). 
Since  y  is  not  adjacent  to  ui,  there  exists  z  ~  ui  such  that  ze  {a,b,v,y,ui,U2,U3,U4},  and  w 

-  z  such  that  we  {a,y).  Then  {w,U3,U4}  is  independent  and  so  {w,U3,U4}  and  (ui)  don’t 
extend  to  disjoint  maximum  independent  sets  in  G. 
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Hence,  y  is  not  adjagcnt  to  a  and,  by  symmetry,  v  is  not  adjacent  to  h.  It  follows 
that  {a,b,y}  is  independent  and  so  {a,b,y)  and  {v)  don't  extend  to  disjoint  maTimnm 
independent  sets  in  G. 

Thus,  the  cyclic  face  order  (3,3,4,4)  cannot  occur.  From  Cases  1  and  2,  we 
conclude  that  the  face  configuration  (3, 3,4,4)  cannot  occur.  Q 

Lemma  12.6.  Suppose  G  is  3-connected  4-icgular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,4,5). 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3,4,5).  Let  N(v)  = 

{Ui,U2,U3,U4}. 

Case  1.  Suppose  the  cyclic  order  of  the  faces  at  v  is  (33,4,5),  with  faces  uiU2v, 
U2U3V,  U3CU4V  and  U4bauiv.  By  Lemma  8,  m  is  not  adjacent  to  ii^-  By  Lemma  9,  ujjs 
not  adjacent  to  lu.  U7  is  not  adjacent  to  a.  u?_is  not  adjacent  to  h.  and  U2  is  not  adjacent  to  c. 
By  Lemma  10,  m  is  not  adiagsnl.tQji4,  u^  is  not  adjacent  to  u^.  and  a  is  not  adjacent  to  u^. 
Case  1.1.  Suppose  a  ~  c. 

Case  1.1.1.  Suppose  c  ~  ui.  Then  {U2,U3)  is  a  cutset  for  G.  So  c  is  not  adjacent 

to  ui. 

Thus,  there  exists  x  -  ui  such  that  x€  {a,b,c,v,U2,U3,U4). 

Case  1.1.2.  If  x  ~  U3,  then  {x,U2)  is  a  cutset  for  G.  So  x  is  not  adjacent  to  U3. 

Case  1.1.3.  Suppose  c  ~  x.  Let  m  -  U3  such  that  m«  {v,c,U2}.  Then  {b,m,ui) 
and  {c}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  c  is  not  adjacent  to  x. 

Case  1.1.4.  If  x  ~  U2,  then  {c,x}  and  (v)  don't  extend  to  disjoint  maximnni 
independent  sets  in  G.  So  U2  is  not  adjacent  to  x. 

Thus,  there  exists  y  ~  U2  such  that  y«  {a,b,c,v,x,ui, 03,04). 

Case  1.1.5.  If  c  ~  y,  then  {b,U2}  and  (c)  don’t  extend.  So  c  is  not  adjacent  to  y. 
Case  1.1.6.  If  x  is  not  adjacent  to  y,  then  {c,x,y)  and  (v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  x  ~  y. 

Case  1.1.7.  Suppose  y  -  U3.  If  y  -  a,  then  x  is  a  cutpoint  for  G.  So  y  is  not 

adjacent  to  a.  Thus,  there  exists  z  -  y  such  that  zi  {a,b,c,v,x,ui, 02,03,04).  But  then 
{z, 01,04}  and  (03)  don't  extend  to  disjoint  maximum  independent  sets  in  G  (see  Figure 
16). 

X  y 


Hence,  y  is  not  adjacent  to  U3.  Since  G  is  planar,  {b,y,U3)  is  independent;  so 
{b,y,U3}  and  {ui }  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Therefore,  a  is  not  adjacent  to  c.  Let  y  ~  U2  such  that  yt  {a,b,c,v,ui,U3,U4). 

Case  1.2.  Suppose  a  ~  y. 

Case  1.2.1.  Suppose  y  ~  ui.  If  y  is  not  adjacent  to  c,  then  {y,c)  and  (v)  don’t 
extend  to  disjoint  maximum  independent  sets  in  G.  So  y  ~  c  and  (0,03)  is  a  cutset  for  G. 
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Thus,  y  is  not  adjacent  to  ui.  Let  x  ~  ui  such  that  x«  {a,v,U2}. 

Case  1.2.2.  Suppose  y  is  not  adjacent  to  x.  If  y  is  not  adjacent  to  c,  then  {x,y,c) 
and  {v)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  y  -  c.  Then  either 
{ui,a)  or  {u3,c}  is  a  cutset  for  G  (see  Figure  17). 


Thus  y  ~  X.  Since  G  is  4-regular,  y  is  not  adjacent  to  at  least  one  of  U3  or  U4.  Then 
either  {y,U3}  and  {u^}  or  {y,U4}  and  {ui|  dcm't  extend  to  disjoint  maximum  indq>endent 
sets  in  G. 

Hence,  a  is  not  adjacent  to  v. 

Case  1.3.  Suppose  y  ~  c. 

Case  1.3.1.  Suppose  y  ~  U3  (see  Figure  18). 


y 


Either  we  have  a  (3, 3, 3,4)  face  configuration  at  U3,  or  we  have  a  point  inside 
triangle  yu2U3  or  inside  triangle  ycu3.  From  Lemma  12.2,  we  cannot  have  a  (3,3,3,4)  face 
configuration  at  U3.  If  there  is  a  point  inside  triangle  yu2U3,  then  y  is  a  cutpoint, 
contradicting  3-conncciedncss.  If  there  is  a  point  inside  triangle  ycu3,  then  (y,c)  is  a 
cutset,  contradicting  3-connectedncss. 

Case  1.3.2.  So  y  is  not  adjacent  to  U3.  Let  m  "  03  such  that  mi  { v,c,U2)  and  let  z 

~  m  such  that  zi  {c,y}  (see  Figure  19).  Then  (z,ui,U4)  and  {U3)  don't  extend  to  disjoint 
maximum  independent  sets  in  G. 
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y 


Hence,  v  is  not  adjacent  to  c.  It  follows  that  {a,y.c)  is  independent  and  so  {a,y,c} 
and  ( v}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

1110$,  the  cyclic  face  configuration  (33>4.5)  cannot  occur. 

Case  2.  Assume  the  cyclic  face  configuration  is  (3, 4, 3,5),  with  faces  uiuiv, 
U2CU3V.  U3U4V  and  U4bauiv.  By  Lemma  9,  a  is  not  adjacent  to  U2.  bis  not  adjacent  to  n^. 
Ii4  is  n9t  adjagcnl-to  Vt2»  g.is  hQl.adjagcm  lOJli.  c  is  not  adjacent  to  I^.  a  is  not  adjacent  to 
b  is  not  adjacent  to  u^.  and  u^  is  not  adiatynt  to  n^.  By  Lemma  10,  u^  is  not  adjacent  to 
g,  ux  is  not  adjacent  to  o ,  and  u^  is  not  adjacent  to  n^.  So  there  exists  v  -  u^  such  that 

y«  {a,b,c,v,ui,U2,U3). 

Case  2.1.  Suppose  a -c.  Let  x  ~  ui  such  that  x«|a,v,U2).  ife  ~x  ore- b,  then 
{ui,U4}  and  {c}  don't  extend  to  disjoint  maximum  indq)endent  sets  in  G.  So  c  is  adjacent 
to  neither  x  nor  b.  Thus,  (b,c,x}  is  independent  since  G  is  planar.  It  follows  that  {b,c.x} 
and  { v)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Thus,  a  is  not  adjacent  to  c  and,  by  symmetry,  b  is  not  adjacent  to  c. 

Case  2.2.  Suppose  y  ~  ui.  Let  z  ~  b  such  that  zis  {a,y,U4).  Then  {c,z,ui}  is 
independent  and  so  {c,z,ui}  and  (U4}  don't  extend  to  disjtwt  maximnni  independent  sets 
in  G.  So  y  is  not  adjacent  to  ui. 

Thus,  there  exists  x-uj^  such  that  xi  (a,b,c,v,y,U2,U3,U4}. 

Case  2.3.  Suppose  y-c. 

Case  2.3.1.  If  x  —  c,  then  {ui,U4}  and  {c}  dmi't  extend  to  disjoint  maximgm 
independent  sets  in  G.  So  x  is  not  adjacent  to  c. 

Case  2.3.2.  Suppose  x  ~  b.  If  b  -  U2,  then  {a,x}  is  a  cutset  for  G.  So  b  is  not 
adjacent  to  U2. 

Case  2.3.2. 1.  Suppose  y  -  U2.  Let  t  -  c  such  that  w  {y,U2,U3).  Then  {a,t,U4) 
and  {U2}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  y  is  not  adjacent  to 
U2. 

Case  2.3.2.2.  Suppose  x  ~  U2  (see  Figure  20). 
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X 


(i)  Suppose  y  -U3.  If  y  ~  x,  then  {a,b)  is  a  cutset  fw  G.  So  y  is  not  adjacent  to  x. 
But  then  {x,y)  and  { v)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

(ii)  Thus,  y  is  not  adjacent  to  U3.  So  there  exists  2-03  and  w  -  z  such  that 

z«  {c,v,y,u4)  and  w€  (c.y).  Then  {w,b,U2}  and  {U3)  don’t  extend  to  disjoint  maxiTnum 
independent  sets  in  G. 

So  X  is  not  adjacent  to  U2.  Thus,  there  exists  d  ~  U2  such  that 
d€  {a,b,c,v,x,y,ui,U3,U4}  (see  Figure  21). 


X 


Case  2.3.2.3.  If  b  is  not  adjacent  to  d,  then  {b,d,U3}  and  {ui)  don't  extend  to 
disjoint  maximum  independent  sets  in  G.  So  b  ~  d.  Then  (a,x)  is  a  cutset  for  G. 

Thus,  X  is  not  adjacent  to  b.  It  follows  that  {b,x,c}  is  independent  and  so  {b,x,c} 
and  (v)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence,  v  is  not  adjacent  to  c  and,  by  svmme^.  x  is  not  adjacent  to  c. 

Case  2.4.  Suppose  a  -  y.  Then  {b,x,c)  is  ind^ndent  since  G  is  planar.  Hence, 
{b,x,c}  and  {v}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  Thus,  a  is  not 
adjaccnt.iQ.Y- 

So  (a,c,y}  is  independent;  thus,  {a,c,y}  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G. 

Hence,  the  cyclic  face  configuration  (3,4,3,5)  cannot  occur.  It  follows  that  G 
cannot  have  a  point  with  face  configuration  (3,3,4,5).  0 
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Lemma  12.7.  Suppose  G  is  3-connected  4-regular  planar  and  in  W2.  Then  G 
cannot  have  a  point  with  face  configuration  (33.4,n),  n  ^  6. 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3t4,n),  n  ^  6.  Let 
N(v)  =  {Ui,U2,U3,U4}. 

Case  1.  Assume  the  cyclic  face  configuration  is  (3,4,3^).  Let  the  faces  at  v  be 
U1U2V,  U2bu3V,  U3U4V  and  U4de. .  .acuiv  (e  =  a  when  n  =  6).  By  Lemma  10,  uj^  is  ad^'acent 
to  neither  ua  nor  d.  and  c  is  adjacent  to  neither  u^  nor  d.  By  Lemma  9.  b  is  not  adjacent  to 
uj^.  b  is  not  idiacent  to  ua,  u?  is  not  adjacent  to  \u,  and  m  is  not  adjacent  to  u^. 

Suppose  b  -  c.  Let  y  ~  ui  such  that  yt  {c,v,U2). 

If  b  "  d,  then  {ui,U4}  and  (b)  don't  extend  to  ^sjoint  maximum  independent  sets 
in  G.  So  b  is  not  adjacent  to  d.  If  b  ~  y,  then  {b,04}  and  (ui)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  b  is  not  adjacent  to  y.  Since  b  is  not  adjacent  to  y, 
then  {b.d.y}  is  independent  and  so  (b,d,y)  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G. 

Thus,  b  is  not  adjacent  to  c  and,  by  sjpmct^,  b  is  not  adjacent  to  d.  It  follows  that 
{b,c,d}  and  {v}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence,  the  cyclic  face  configuration  (3,4,3jii),  n  2: 6,  is  not  possible. 

Case  2.  Assume  the  cyclic  face  configuration  is  (3,3,44i),  n  ^  6,  with  faces  U1U2V, 
U2U3V,  U3bu4V  and  U4de.  .  .acuiv  (e  =  a  when  n  =  6).  By  Lemma  8,  is  not  adjacent  to 
uj.  By  Lemma  10,  u^  is  adjacent  to  neither  04  nor  d.  c  is  adjacent  to  neither  u^  nor  d  and 
is  not  adjacent  to  u^^.  By  Lemma  9,  b  is  not  adjacent  to  U2  and  x  is  not  adjacent  to  02 , 

for  any  x  in  the  n-face  at  v,  x«  {v,ui}.  So  there  exists  s  -  U2^  such  that 

s«  {a,b,c,d,v,ui,U3,U4}  and  s  is  not  on  the  n-face  at  v. 

Case  2.1.  Suppose  b  ~  d.  Let  y  -  U4  such  that  yi  {b,d,v},  and  w  ~  y  such  that 

wfi!  {b,d}.  If  e  is  not  adjacent  to  U3,  then  {e,w,U3}  and  {U4}  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  e  ~  U3.  Then  {d,ui)  and  {U3}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G. 

Thus,  b  is  not  adjacent  to  d. 

Case  2.2.  Suppose  b  ~  c. 

Case  2.2.1.  If  b  -  ui,  then  {a,v)  and  {b}  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  b  is  not  adjacent  to  ui. 

Case  2.2.2.  If  c  ~  U3,  then  {ui,U2}  is  a  cutset  for  G.  So  c  is  not  adjacent  to  U3. 

Thus,  there  exist  points  x  and  t  such  that  x  ~  U3,  t  ~  uj  and  {x,t}  n 

{b,c,v,ui,U2,U3}  =0.  If  X  =  t,  then  {ui,U4}  and  {U3)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  x  ^  t. 

Case  2.2.3.  Suppose  t  ~  b.  Then  (uipt,d)  is  independent  since  x  t  and  G  is 
planar.  It  follows  that  {ui,x,d}  and  {b]  don’t  extend  to  disjoint  maximum  independent 
sets  in  G.  So  t  is  not  adjacent  to  b. 

Case  2.2.4.  Suppose  t  ~  U2.  Then  {t,b)  and  (v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  Sot  is  not  adjacent  to  U2. 

Since  G  is  4-regular,  there  exists  z  - 1  such  that  z«  (ept)  (see  Figure  22).  Thus  z  is 
not  adjacent  to  U3,  and  so  {a,z,U3}  is  independent  It  follows  that  {a,z,U3}  and  (ui)  don’t 
extend  to  disjoint  maximum  independent  sets  in  G. 
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Therefore,  b  is  not  adjacent  to  c. 

Case  2.3.  Suppose  s  -  c. 

Case  2.3.1.  If  s  ~  b,  then  either  (c.ui)  or  {b,U3)  must  be  a  cutset  of  G.  So  s  is 
not  adjacent  to  b. 

Case  2.3.2.  If  s  -  ui,  then  (s.b)  and  (v)  don’t  extend  to  disjoint  TnaTimum 
independent  sets  in  G.  So  s  is  not  adjacent  to  ui. 

Let  w  ~  ui  such  that  w«  {v,c,U2). 

Case  2.3.3.  If  w  is  not  adjacent  to  s,  then  {w,s,b)  and  {v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  w  ~  s. 

Case  2.3.4.  If  s  ~  U3,  then  (b,ui}  and  (s)  don't  extend  to  disjoint  maiimiim 
inde^ndent  sets  in  G.  So  s  is  not  adjacent  to  03;  hence,  {s,U3)  and  (ui)  don’t  extend  to 
disjoint  maximum  independent  sets  in  G  (see  Hgutc  23). 


Thus,  s  is  not  adjacent  to  c. 

Case  2.4.  Suppose  s  b. 

Case  2.4.1.  Suppose  s  -  U3.  If  s  is  not  adjacent  to  d,  then  {s,c,d)  and  (v)  don’t 
extend  to  disjoint  maximum  independent  sets  in  G.  So  s  ~  <L  Then  Aere  exist  t  ~  U4  such 

that  t«  {v,b,d,s},  and  z  ~  t  such  that  z<e  {b,d}.  It  follows  that  {e,z,U3}  is  independent  and 
so  {e,z,U3)  and  (U4)  don’t  extend  to  disjoint  maximum  indepeiident  sets  in  G. 

Hence,  s  is  not  adjacent  to  U3.  So  there  exists  w  ~  U3  such  that  w«  {s,b,v,U2). 
Case  2.4.2.  Suppose  s  ~  U4.  If  s  is  not  adjacent  to  w,  then  {s,w,c}  and  (v)  don’t 
extend  to  disjoint  maximum  independent  sets  in  G.  So  s  -  w.  Then  (d,U3)  and  {sj  don’t 
extend  to  disjoint  maximum  independent  sets  in  G. 

So  s  is  not  adjacent  to  U4. 
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Case  2.4.3.  Suppose  s  ~  w.  Then  {s,U4}  and  {us}  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  s  is  not  adjacent  to  w. 

Let  W  =  N(w)  -  U3. 

Case  2.4.4.  Suppose  b  ~  w.  Suppose  s  ~  x  for  some  xe  W-b.  Then  {v^}  and 

{b}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  I.ct  xe  W-b.  Then  x  is  not 
adjacent  to  s  and  so  {s,x,U4}  and  (U3}  don't  extend  to  disjoint  maximum  independent  sets 
in  G. 

So  b  is  not  adjacent  to  w.  Since  G  is  4-regular,  there  exists  ye  W  such  that  y  is  not 
adjacent  to  s.  But  then  {y,s,U4}  and  {U3}  don't  extend  to  disjoint  maximum  independent 
sets  in  G  (see  Figure  24). 


Hence,  s  is  not  adjacent  to  b.  It  follows  that  {s,b,c}  is  independent  and  so  {s,b,c) 
and  {v}  don’t  extend  to  disjoint  maximum  independent  sets  in  G. 

So  the  cyclic  face  configuration  (3,3,4, n),  n  ^  6,  cannot  occur.  Thus,  the  face 
configuration  (3,3,4,n),  n  ^  6,  cannot  occur.  Q 

Lemma  12.8.  Suppose  G  is  3-connected  4-rcgular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,5.5). 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (33,5,5),  with  N(v)  = 

{Ui,U2,U3,U4}. 

Case  1.  Assume  the  cyclic  face  configuration  at  v  is  (3,5,33),  with  faces  U1U2V, 
U2cdu3V,  U3U4V  and  U4bauiv.  By  Lemma  9,  a  is  not  adjacent  to  u^.  a  is  not  adjacent  to  u^. 
b  is  not  adjacent  to  U2.  b  is  not  adjacent  to  ui.  c  is  not  adjacent  to  uj^.  c  is  not  adjacent  to 
U4,  d  is  not  adjacent  to  U].  d  is  not  adjacent  to  Uii.  ui  is  not  adjacent  to  u-i.  and  U2  is  not 
adjacent  to  Uj_.  By  Lemma  10,  a  is  not  adjacent  to  u^.  b  is  not  adjacent  to  uj^.  c  is  not 
adjacent  to  u^.  d  is  not  adjacent  U2.  ui  is  not  adjacent  tou^.  and  U2  is  not  adjacent  to  u^. 

Hence,  there  exists  x  ~  Uj  such  that  x€  {a,b,c,d,v,U2,U3,U4). 

Case  1.1.  Suppose  a  ~c. 

Case  1.1.1.  Suppose  x  ~  U2.  If  b  is  not  adjacent  to  d,  then  {x,b,d)  and  (v)  don't 
extend  to  disjoint  maximum  independent  sets  in  G.  So  b  ~  d. 

Let  s  ~  U3  and  t  ~  U4  such  that  s«  {d,v,U4,b)  and  » {b,v,U3,d}. 

Case  1.1. 1.1.  If  s  =  t,  then  {s,x)  and  (v)  dwi’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  s  t. 

Case  1.1. 1.2.  If  s  is  not  adjacent  to  t,  then  {s,t,x)  and  {v}  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  s  -  t.  But  then  (a,s,U2}  and  {U4}  don't  extend  to 
disjoint  maximum  independent  sets  in  G. 
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Case  1.1.2.  Thus  x  is  not  adjacent  to  02.  Let  y  ~  U2  such  that  ye  {v,c,ui).  If  x  is 
not  adjacent  to  y,  then  we  can  proce^  as  in  Case  1.1.1  to  obtain  a  contradiction.  So  x  -  y 
(see  Figure  25). 


Case  1. 1.2.1.  Suppose  x  ~  a.  If  x  ~  c,  then  y  is  a  cutpoint  for  G.  So  x  is  not 
adjacent  to  c.  Thus,  there  exists  2  -  x  such  that  ze  {a.y.ui.c}.  Then  {2,U2,U4)  is 
independent  and  so  {z,U2,U4}  and  (a)  don't  extend  to  disjoint  maximum  independent  sets 
inG. 

Case  1.1. 2.2.  So  x  is  not  adjacent  to  a.  Since  G  is  4-regular,  a  is  not  adjacent  to  at 
least  one  of  U3  or  U4.  Then  either  {a,x,U4)  and  (02)  or  {a,x,U3)  and  {02}  don't  extend  to 
disjoint  maximum  independent  sets  in  G. 

Thus,  aiinQt  adiassat.lOJiL.  By  symmetry,  b  is  not  adjacent  to  d. 

Case  1.2.  Suppose  b-c. 

Case  1.2.1.  If  b  ~  x,  then  ( a,x }  is  a  cutset  for  G.  So  b  is  not  adjacent  to  x. 

Case  1.2.2.  If  x  ~  ui,  then  (x,b,d}  and  (v)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  x  is  not  adjacent  to  U2. 

Let  y  ~  U2  such  that  y«  {v.c.ui }. 

Case  1.2.3.  If  y  ~  x,  then  {x,d,U4}  and  {02}  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  is  not  adjacent  to  x. 

Case  1.2.4.  If  y  is  not  adjacent  to  b,  then  lx,y,b,d)  is  independent  and  so 
{x,y,b,d}  and  (v)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  y  -  b. 
Then  {b,x,U3}  and  {U2)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence,  b  is  not  adjacent  to  c  and,  by  symmetry,  a  is  not  adjacent  to  d. 

If  X  is  adjacent  to  any  member  of  {b,c,U3),  then  {b,c,U3}  and  (ui)  don't  extend  to 
disjoint  maximum  independent  sets  in  G.  So  x  is  adjacent  to  no  member  of  fh  c  ii^l 

Thus,  there  exists  z^ui  such  that  z«  {a,b,c,d,v,x,ui,U2,U4}.  By  symmetry  with  x,  it 
follows  that  z  is  adjacent  to  neither  b  nor  c. 

If  z  is  not  adjacent  to  x,  then  {z,x,b,c)  is  independent  and  so  {2,x,b,c)  and  {v} 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  z~x. 

Suppose  X  ~  U2.  If  X  -  d,  then  {c,d)  is  a  cutset  for  G.  So  x  is  not  adjacent  to  d 
Then  {x,b,d)  and  (y)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  x  is 
not  adjacent  to  U2  and,  by  symmetry,  zis  not  adjacent  to  U£. 

Suppose  X  ~  U4.  There  exists  t  ~  a  such  that  «  {b,x,ui)  and  {t,c,U4)  is 
independent.  Then  {t,c,U4}  and  (ui)  don't  extend  to  disjoint  maximum  independent  sets 
inG.  So  X  is  not  adjacent  to  ua  and,  bv  symmetry,  z  is  not  adjacent  to  02- 

Hence,  there  exist  points  p  and  q  such  that  p  ~  u^.  q  ~  u£  and  {p,q}  n 

{a,b,c,d,v,x,z,ui,U2,U3,U4)  =  0.  Since  z  ~  x  from  above  and  G  is  planar,  then  p  q  and 
p  is  not  adjacent  to  q.  See  Figure  26. 


22 


If  p  ~  d,  then  {d,U4,a}  and  (ua)  don't  attend  to  diqoint  maximum  independent  sets 
in  G.  So  p  is  not  adjacent  to  d  and.  by  symmetry,  o  is  not  adjacent  to  a.  Thus,  {a,d.p.q} 
is  independent;  it  follows  that  {a,d,p,q)  and  {v}  don't  extend  to  disjoint  maximum 
independent  sets  in  G. 

Hence,  the  cyclic  face  configuration  cannot  occur. 

Case  2.  Assume  the  cyclic  face  configiMtion  at  v  is  (3,3,5,5),  with  faces  uiuav, 
U2U3V,  U3dcu4V  and  U4bauiv.  By  Lemma  8,  uj^  is  not  adjacent  to  u^.  By  Lemma  9,  ajjs 
not  adjacent  to  m.  a  is  not  ad.la<:£Diifim2.  b  is  not  adjacent  to  U2.  c  is  not  adjacent  to  U2.  and 
d  is  not  adjacent  to  u;^.  By  Lemma  10.  mis.nQ.t.adiycnt  to  U4.  u^  is  not  adjacent  to  m.  d  is 
not  adjacent  to  u^.  a  is  not  adjacent  to  u^.  b  is  not  adjacent  to  uj^.  and  c  is  not  adjacent  to  in. 

Thus,  there  exists  w  ~  such  that  w«  {a,b,c,d,v,Ui,U2,U4). 

Case  2.1.  If  d  ~  ui,  then  {b,U3)  and  {ui)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  d  is  not  adjacent  to  uj[  ani  by  symmetry,  a  is  not  adjacent  to  u^. 

Case  2.2.  Suppose  w  ~  a. 

Case  2.2.1.  If  a  ~  c,  then  {a,U3}  and  {U4)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  a  is  not  adjacent  to  c. 

Case  2.2.2.  Suppose  c  ~  ui.  Since  a  is  not  adjacent  to  c,  there  exists  s  ~  a  such 

that  s£  {b,w,ui,c}.  But  then  {s,U3,U4}  is  independent  and  so  {s,n3,U4)  and  (ui)  don't 
extend  to  disjoint  maximum  independent  sets  in  G.  So  c  is  not  adjacent  to  ui. 

Case  2.2.3  If  w  ~  U3,  then  {a,d,U2)  and  {U4)  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  w  is  not  adjacent  to  U3. 

Let  t  ~  U3  such  that  t«  {v,d,U2}. 

.Case  2.2.4.  If  c  ~  t,  then  {c,ui}  and  {U3)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  c  is  not  adjacent  to  L 

Thus,  there  exists  z  ~  c  such  that  zt  (d,U4,a,ui,U2,w)  and  z  is  not  adjacent  to  U3 
(since  G  is  4-regular).  See  Figure  27. 
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Case  2.2.5.  If  z  -  a,  then  {b,w}  is  a  cutset  for  G,  So  z  is  not  adjacent  to  a.  Then 
{a,z,U3}  is  independent  and  so  (a, 2,03)  and  {U4}  don’t  extend  to  disjoint  maximum 
independent  sets  in  G. 

Hence,  w  is  not  adjacent  to  a.  By  symmetry,  w  is  not  adjacent  to  d 

Case  2.3.  Suppose  a  ~  d.  Then  there  exists  y  ~  U2  such  that 

yg  {a,b,c,d,y,w,ui,U3,U4). 

Case  2.3.1.  Suppose  a  ~  y.  Then  (y.ui)  is  a  cutset  for  G.  So  a  is  not  adjacent  to 
y  and,  by  symmetry,  d  is  not  adjacent  to  y. 

Case  2.3.2.  If  y  -  U3,  then  {a,w,y)  is  independent  and  so  {a,w,y}  and  (vj  don't 
extend  to  disjoint  maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  U3  and,  by 
symmetry,  y  is  not  adjacent  to  ui. 

Thus,  there  exists  s  -  U3  such  that  s«  {a,b,c,d,w,v,y,ui,U2,U4). 

Case  2.3.3.  If  y  ~  s,  then  (y.c.ui)  and  {U3)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  is  not  adjacent  to  s. 

Case  2.3.4.  If  a  is  not  adjacent  to  s,  then  {a,y,w,s)  is  independent  and  so 
{a,y,w,s}  and  {y }  don't  extend  to  disjoint  maximum  indc^ndent  sets  in  G.  So  a  -  s. 

Case  2.3.5.  If  s  -  ui,  then  {b,U3)  and  (ui)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  s  is  not  adjacent  to  uj. 

So  there  exists  x  ~  ui  such  that  x«  {a,v,U2,y,s)  (sec  Rgurc  28). 


Figure  28 
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Case  2.3.6.  If  y  -  x,  then  (y.uj.b)  and  {ui}  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  is  not  adjacent  to  x;  it  follows  that  {x,y,w,d}  is  independent. 
Thus,  {x,y,w,d}  and  {v}  don’t  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence.  a.is.nQt  adjacsni  to.  d- 

Case  2.4.  If  w  ~  U2,  then  {a,d,w}  and  {v)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  w  is  not  adjacent  to  U2. 

Thus,  there  exists  y  ~  U2  such  that  y«  {a,b,c,d,v,w,ni,a3,U4}. 

Case  2.5.  If  a  —  y,  then  {a,d,U4)  and  {uj)  don’t  extend  to  disjoint  maTiTniwri 
independent  sets  in  G.  So  a  is  not  adjacent  to  v.  By  symmetry,  d  is  not  adiacent  to  v 

Case  2.6.  Suppose  y  ~  w. 

Case  2.6.1.  Suppose  y  -  Ui.  If  y  ~  b,  then  {a,n3,u4}  and  {y}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  b.  Then  {b,d,y}  and  (v) 
don’t  extend  to  disjoint  maximum  independent  sets  in  G. 

Thus,  y  is  not  adjacent  to  ui  and,  by  symmetry,  y  is  not  adjacent  to  U3. 

Case  2.6.2.  If  y  ~  c,  then  {a,y,U3}  and  {U4)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  is  not  adjacent  to  c  and,  by  symmetry,  y  is  not  adjacent  to  b. 

Case  2.6.3.  Consequendy,  y  has  two  neighbors  zi  and  Z2  such  that  {zi,Z2]  n 

{a,b,c,d,w,v,ui,U2,U3,U4)  =0.  If  a  ~  zi  and  a  ~  Z2,  then  {ui.Zj}  is  a  cutset  for  G.  for 
some  i.  If  d  ~  zi  and  d  ~  Z2,  then  {u3,Zi}  is  a  cutset  for  G,  for  some  i.  If  Zj  is  adjacent  to 
neither  a  nor  d,  for  some  i,  then  (zi,a,d,U4}  and  {U2)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  Thus,  without  loss  of  generality,  we  can  assume  zi  -  a  and  Z2~  d 
(see  Figure  29). 


If  Zi  ~  ui,  then  (b,y,U3}  and  (ui)  don’t  extend  to  disjoint  maximum  independent 
sets  in  G.  So  zi  is  not  adjacent  to  ui. 

Thus,  there  exist  x  ~  ui  and  t  ~  x  such  that  x€  {a,v,y,U2,zi)  and  ti£  {a,zi}.  But 
then  {t,b,U3)  is  independent  and  so  {t,b,U3}  and  (ui)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G. 

Hence,  v  is  not  adiacent  to  w;  thus,  the  set  {a,y,d,w}  is  independent  It  follows 
that  {a,y,d,w}  and  {y}  don’t  extend  to  disjoint  maximum  ind^ndent  sets  in  G. 

So  the  cyclic  face  configuration  (3,3,5,5)  cannot  occur.  Therefore,  the  face 
configuration  (3, 3,5, 5)  cannot  occur.  [] 

Lemma  12.9.  Suppose  G  is  3-connected  4-rcgular  planar  and  in  W2.  If  y  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,3,5,n),  for  n  =  6  or  7. 
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Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,3,5^),  n  =  6  or  7 
Let  N(v)  =  {ui,U2,U3,U4}. 

Case  1.  Suppose  the  cyclic  face  configuration  is  (3,5,3,n),  with  faces  uiU2V, 
U2abu3V,  U3U4y  and  U4defcuiv  (e  =  f  for  the  n  =  6  case).  By  Lemma  9,  a  is  not  adjacent  m* 
ill.  tS  riQt  adjaggn.UQ  a  is  not  adjacent  to  b  is  not  adjacent  to  u^.  c  is  not  adjacent  m 
Ha.  d  is  not  adjagenlip  V12»  e  is  not  adjacent  to  U2.  fis  not  adjacent  to  n^.  c  is  not  adiacpnr  m 
ill.  d  ii.nQLadjaccnt  to  U2.  eJs  not  adjacent  to  u^.  f  is  not  adjacent  m  n^.  U7  is  not  adiarpnr 
Iq_U4,  and  i?  not  adjaegnt  to  ui.  By  Lemma  10,  U]  is  not  ariiacent  m  U7  is  nnr 
adlacgnt  to  Ui,  c  is  not  adjacent  to  d.  a  is  not  adjacent  to  b  is  not  adiacenr  m  c  is  not 
adiagggt  to  tu  and  d  is  not  adjacent  to  uj^. 

Thus,  there  exists  x  -  U2  such  that  x«  {a,b,c,d,e,f,v,ui,U3,U4). 

Case  1.1.  Suppose  a  ~  c.  Then  there  exists  z  -  ui  such  that 
z€  {a,b,c,d,e,f.v,U2,U3,U4}. 

Case  1.1.1.  If  a  ~  z,  then  {a,U3}  and  {uj}  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  a  is  not  adjacent  to  z. 

Case  1.1.2.  If  2  ~  c  and  z  ~  U2,  then  { z,a}  is  a  cutset  for  G.  So  z  is  not  adjacent  to 
at  least  one  of  c  and  U2. 

Since  G  is  4-regular,  there  exist  points  s  and  t  adjacent  to  z  such  that  {s,t}  n 

{a,c,U2}  =  0.  Now  either  a  is  not  adjacent  to  t  or  a  is  not  adjacent  to  s.  Say  a  is  not 
adjacent  to  t.  Then  {a,t,U3}  is  independent  and  so  {a,t,U3}  and  {ui}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G. 

Thus,  a  is  not  adjacent  to  c.  By  symmetry,  b  is  not  adjacent  to  d. 

Case  1.2.  Suppose  x  ~  U3.  Let  t  ~  b  such  that  t«  {a,x,U3}.  Then  {t,d,U2}  is 
independent  since  G  is  planar.  So  {t,d,U2}  and  {U3}  don’t  extend  to  disjoint  maximum 
independent  sets  in  G. 

Thus,  X  is,,j.p_Ladjac,ent,to_,U2.  Let  x^iu^  such  that  y€  {a,b,c,d,e,f,v,x,ui, 02,04) 
(see  Figure  30). 


Case  1.3.  Suppose  x  ~  c.  If  b  is  not  adjacent  to  c,  then  {b,c,U4)  and  (02)  don't 
extend  to  disjoint  maximum  independent  sets  in  G;  so  b  ~  c.  Let  w  ~  f  such  that  we  {c,v} . 
Then  {u2,U3,w)  and  {c}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Hence,  x  is  not  adjacent  to  c.  By  symmetry,  v  is  not  adjacent  to  d. 

Case  1.4.  Suppose  b  ~  x.  If  b  is  not  adjacent  to  c,  then  {b,c,U4}  and  (02)  don't 
extend  to  disjoint  maximum  independent  sets  in  G.  So  b  ~  c  and  (apt)  is  a  cutset  for  G. 

Thus,  b  is  not  adjacent  to  x  and,  by  symmetry,  a  is  not  adjacent  to  v. 

Case  1.5.  Suppose  d  ~  x.  If  a  ~  d,  then  {c,d,U3)  and  {U2)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  a  is  not  adjacent  to  d.  Then  {a,c,d,y)  is  independent 
and  so  {a,c,d,yj  and  {y}  don’t  extend  to  disjoint  maximum  independent  sets  in  G. 
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Thus,  d  is  not  adjacent  to  x  and,  by  symmetry,  c  is  not  adjacent  to  v. 

If  X  -  y,  then  {a,c,d,y}  is  independent  So  {a,c,d,y}  and  {v}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G.  Thus,  x  is  not  adjacent  to  v  and  it  follows  that 
{c,d,x,y}  is  independent  Hence,  {c,d,x,y}  and  {v}  don't  extend  to  disjoint  Tnaximiim 
independent  sets  in  G, 

Thus,  the  cyclic  face  configuration  (3^,3ja),  n  =  6  or  7,  is  not  possible. 

Case  2.  Suppose  the  cyclic  face  configuration  is  (33,5,n),  with  faces  uiU2v, 
U2U3V,  U3Cdu4V  and  U4befauiv  (e  =  f  when  n  =  6).  By  Lemma  8,  uj^  is  not  adjacent  to  m. 
By  Lemma  9,  a  is  not  adjacent  to  U2.  b  isjot  adjacent  to  U2.  c  is  not  adjacent  to  U2.  d  is  not 
adjacent  to  u?.  S  is  PQLadjaccnt  tC>..U2»  £  is  not  adjacent  to  U2.  and  02  is  not  adjacent  to  u^ 
By  Lemma  10,  a  is  not  adjacent  to  U4.  C-ii  not  adjacent  to  u^.  u^  is  not  adjacent  to  lu.  uiFs 
not  adjacent  to  U4.  a  is  not  adjacent  to  b.  b  is  not  adjacent  to  uj^.  and  d  is  not  adiacenfto 

Thus,  there  exists  v  ~  U2  such  that  yi  {a,b,c,d,e,f,v,u  1,03,04}. 

Case  2.1.  If  a  ~  U3,  then  {d,ui}  is  independent  and  so  {d.ui)  and  {U3}  don’t 
extend  to  disjoint  maximum  independent  sets  in  G.  So  a  is  not  adjacent  to  u^  and,  by 
symmetry,  c  is  not  adjacent  to  uj^. 

Case  2.2.  Suppose  b  ~  c.  Since  c  is  not  adjacent  to  U4,  then  there  exists  w  -  U4 
such  that  w€  {b,c,d,v}.  If  w  ~  c,  then  {w,d}  is  a  cutset  for  G.  So  w  is  not  adjacent  to  c, 

and  there  exists  s  -  w  such  that  s«  {b,c,d,U4). 

Case  2.2.1.  If  c  is  not  adjacent  to  s,  thcr  lc,s,U2)  and  {04}  don’t  extend  to 
disjoint  maximum  independent  sets  in  G.  So  c  ~  s  (sec  Rgure  31). 


Case  2.2.2.  If  w  ~  b,  then  let  t  ~  c  such  that  t  ^  b.  Then  {s,v,t)  and  (b)  don't 
extend  to  disjoint  maximum  independent  sets  in  G.  So  w  is  not  adjacent  to  b. 

Thus,  there  exists  z  ~  w  such  that  z€  {b,c,d,s,U4}.  Then  {c,z,U2}  is  independent 
and  so  {c,z,U2}  and  {U4}  don’t  extend  to  disjoint  maximum  independent  sets  in  G. 

Therefore,  b  is  not  adjacent  to  c. 

Case  2.3.  Suppose  a  ~  c. 

Case  2.3.1.  Suppose  y  is  not  adjacent  to  ui.  Let  x  -  ui  such  that 

xi  {a,b,c,d,e,f,v,y,U2,U3,U4).  If  y  ~  c,  then  {cpt,U4}  and  {U2)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  c.  If  y  ~  x,  then  {yXu4}  and 
{ ui )  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  x.  If 
X  ~  c,  then  {y,c,U4)  and  {ui }  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So 
X  is  not  adjacent  to  c. 

Thus,  {x,y,b,c}  is  independent  and  so  {x,y,b,c)  and  (v)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G.  So  y  ~  ui. 
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Case  2.3.2.  If  y  ~  U3,  then  {y,d}  and  {v}  don't  extend  to  disjoint  maximum 
independent  sets  in  G.  So  y  is  not  adjacent  to  U3. 

Case  2.3.3.  If  y  ~  c,  then  { y,U3}  is  a  cutset  for  G.  So  y  is  not  adjacent  to  c. 

Thus,  {y,b,c}  is  independent  and  so  {y,b,c}  and  (v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G. 

Hence,  a  is  not  adjacent  to  c. 

Case  2.4.  Suppose  b  ~  U3.  Then  there  exists  t  ~  c  such  that  t€  {d,U3},  t  is  not 
adjacent  to  U4,  and  {t,ui,U4}  is  independent.  Thus,  {t,ni,U4)  and  {U3}  don't  extend  to 
disjoint  maximum  independent  sets  in  G. 

So  b  is  not  adjacent  to  u^. 

Case  2.5.  If  a  -  y  or  c  -  y,  then  {a,c,U4}  and  {02}  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  y  is  adjacent  to  neither  a-Dor  c. 

Case  2.6.  Suppose  b  ~  y.  If  y  ~  U4,  then  {a,c,y)  and  {v}  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  U4  and  there  exists  w  -  U4  such 

that  w<s  {b,c,d,v,y,U3}. 

Case  2.6.1.  Suppose  y  ~  w.  If  y  ~  ui,  then  {a,U3,a4)  and  (y)  don’t  extend  to 
disjoint  maximum  independent  sets  in  G.  So  y  is  not  adjacent  to  ui.  But  then  {c,y,ui} 
and  {U4}  don't  extend  to  disjoint  maximum  ind^ndent  sets  in  G. 

Case  2.6.2.  So  y  is  not  adjacent  to  w  (see  Figure  32).  If  w  ~  c,  then  {c,c,U2}  and 
{U4}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  w  is  not  adjacent  to  c. 
Then  {a,c,w,y )  and  (v)  don’t  extend  to  disjoint  maximum  independent  sets  in  G. 
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Hence,  b  is  not  adjacent  to  v:  it  follows  that  {a,b,c,y)  is  independent  and  so 
{a,b,c,y}  and  {v}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Thus,  the  cyclic  face  configuration  (3,3, 5,n),  n  =  6  or  7,  cannot  occur.  Therefore, 
the  face  configuration  (3,3,5,n),  n  =  6  or  7,  cannot  occur.  D 

I.emma  12.10.  Suppose  G  is  3 -connected  4-reguIar  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3, 4,4,4). 

Proof.  Assume  to  the  contrary  that  v  has  face  configuration  (3,4,4,4).  Let  N(v)  = 
{ui,U2,U3,U4}.  Assume  the  faces  at  v  are  U1U2V,  U2bu3V,  usdi^v  and  U4auiv.  By  Lemma 
9,  ?  is  not  adjacent  u->  and  b  is  not  adjacent  to  uj[. 

If  a  is  not  adjacent  to  b,  then  {a,b}  and  (v)  don’t  extend  to  disjoint  maximum 
independent  sets  in  G.  So  arb. 

Let  X  ~  U]^.  x«£  {a,v,U2),  and  v  ~  u^.  ye  (b.v.ui).  If  x  =  y,  then  {x,dl  and  (v) 
don’t  extend  to  disjoint  maximum  independent  sets  in  G.  Sox*y.  If  x  is  not  adjacent  to 
y,  then  {x,y,d}  and  (v)  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  x  - 
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y.  Since  G  is  planar,  {x.us}  is  independent.  Thus,  {x,U3}  and  {02}  don't  extend  to 
disjoint  maximum  independent  sets  in  G. 

Therefore,  the  face  configuration  (3,4,4,4)  cannot  occur.  Q 

Lemma  12.11.  Suppose  G  is  3-connected  4-regular  planar  and  in  W2.  If  v  is  a  point  in  G, 
then  V  cannot  have  face  configuration  (3,4,4,5). 

Proof.  Assume  to  the  contrary  that  v  has  face  ccmfiguration  (3,4,4,5).  Let  N(v)  = 

{Ui,U2,U3,U4}. 

Case  1.  Suppose  the  cyclic  order  of  the  faces  is  (3,4,5,4).  Let  the  faces  be  U1U2V, 
U2bu3V,  U3cdu4V  and  U4auiv. 

By  Lemma  9,  a  is  not  adjacent  to  07  and  bis  not  adjacent  to  nj^.  By  Lemma  10,  jjj 
is  not  adikent  to  114.  dis  not  adikent  to  and  cis  not  adjacent  to  14. 

If  a  is  not  adjacent  to  b,  then  {a,b)  and  {v}  don't  extend  to  disjoint  maTimiim 

independent  sets  in  G.  So  a  ~  b.  Thus,  there  exist  x  ~  uj^ and  v^n^  such  that  {x,y)  n 

{a,b,c,d,v,ui,U2.U3,U4}  =0. 

If  a  ~  U3,  then  {y,a}  is  independent  and  so  {y,a}  and  {v)  don't  extend  to  disjoint 
maximum  independent  sets  in  G.  So  a  is  not  adjacent  to  u^.  Thus,  there  exists  w  - 

such  that  {a,b,c,d,v,x,y,ui,U2,U4}. 

If  w  ~  d,  then  {d,U2}  and  {U3}  don't  extend  to  disjoint  maximum  independent  sets 
in  G,  So  w  is  not  adjacent  to  d.  If  x  =  y,  then  {w,x,d)and  {v)  don't  extend  to  diqoint 
maximum  independent  sets  in  G,  So  x^v.  If  x  is  not  adjacent  to  y,  then  {d,x,y,w)  is 
independent  since  G  is  planar.  Then  (d,x,y,w)  and  {v)  don't  extend  to  disjoint  maTiTniwn 
independent  sets  in  G.  So  x  ~  y.  But  then  {x,U3)  and  {U2)  don't  extend  to  disjoint 
maximum  independent  sets  in  G  (see  Figure  33). 


Thus,  the  cyclic  face  order  (3,4,5,4)  cannot  occur. 

Case  2.  Suppose  the  cyclic  order  of  the  faces  is  (3,4,4, 5).  Let  the  faces  be  uiuiv, 
U2bcu3V,  U3du4V  and  U4auiv.  By  Lemma  9,  ux  is  not  adjacent  to  ui  and  a  is  not  adjacent  tn 
il2.  By  Lemma  10,  b  is  not  adjacent  to  u^. 

Suppose  a  ~  d.  Then  there  exist  points  z  and  w  such  that  w  ~  U4,  z  ~  w, 

\v<£  {a,d,v)  and  z«  {a,d}.  Since  ui  is  not  adjacent  to  U3,  then  {z,ui,U3)  is  independent. 
Thus,  {z,ui,U3}  and  {U4}  don't  extend  to  disjoint  maximum  independent  sets  in  G. 
Hence,  a  is  not  adjacent  to  d. 

Suppose  a  ~  b.  Let  x  ~  U2  such  that  x€  {b,v,ui).  If  x  ~  a,  then  {d,U2]  and  {a} 
don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  x  is  not  adjacent  to  a.  But 
then  {a,d,x}  is  independent  and  so  {a,d,x)  and  (v)  don't  extend  to  disjoint  maximtim 
independent  sets  in  G.  Thus,  a  is  not  adjacent  to  b. 
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Suppose  b  ~  d.  Let  z  -  U3  such  that  zi£  {c4»v}.  From  above,  b  z.  If  b  ~  z,  then 
{b,U4}  and  {U3}  don't  extend  to  disjoint  maximum  independent  sets  in  G.  So  b  is  not 
adjacent  to  z.  Thus  {a,b,z}  is  independent  and  so  {a,b,z}  and{v)  don’t  extend  to  disjoint 
maximum  independent  sets  in  G. 

Hence,  b  is  not  adjacent  to  d.  So  (a,b4}  is  independent  It  follows  that  (a,b,d) 
and  { v)  don't  extend  to  disjoint  maximum  independent  sets  in  G. 

Thus,  the  cyclic  face  order  (3,4,4,5)  cannot  occur.  Therefore,  the  face 
configuration  (3,4,4,5)  cannot  occur.  g 

Now  we  are  ready  to  state  the  main  result  of  this  paper  in  Theorem  13.  In 
particular,  there  is  only  one  3-connected  4-regular  planar  W2  grapL 

Theorem  13.  Suppose  G  is  3-connected  4-regular  planar  and  in  W2.  Then  G  is 
isomorphic  to  the  graph  in  Figure  4. 

Proof.  Since  G  is  4-regular,  then  the  Euler  contribution  for  any  point  u  in  G  is 

given  by  ({)(u)  =  1  -  deg(u)/2  +  Z(l/xi)  =  -1  +  I(l/xi),  where  the  sum  is  taken  over  all  faces 
Fi  incident  with  u  and  Xi  is  the  size  of  face  Fj .  From  the  discussion  earlier,  we  know  that 

G  must  have  a  point  with  positive  Euler  contribution.  Let  v  be  a  point  in  G  with  4)(v)  >  0. 

Then  I(l/xi)  >  1,  where  the  sum  is  taken  over  the  four  faces  Fi,  F2,  F3,  F4  incident  with  v 
and  Xi  is  the  size  of  Fi,  i  =  1,  2,  3,  or  4.  The  only  solutions  to  the  Diophantine  inequality 
Z(l/xi)  >  1  are:  (a)  (3,3,3,n),  for  n  >  3; 

(b)  (3,3,4,n),  for  4  ^  n  S  11; 

(c)  (3,3,5,n),  for  5  ^  n  ^  7; 
and  (d)  (3,4,4,n),  for  4  n  5. 

Thus,  V  must  have  one  of  the  face  configurations  given  in  (a)-(d).  By  Lemmas  12.1  - 
1 2. 1 1 ,  it  follows  that  G  must  be  the  graph  given  in  Figure  4.  g 

Open  Questions 

Some  questions  related  to  the  content  of  this  paper  remain  open.  They  include  the 
following: 

(1)  Are  there  any  exactly  2-connected  planar  4-regular  1 -well-covered  graphs? 

(2)  What  are  the  planar  5-regular  1 -well-covered  graphs?  The  author  conjectures 
that  there  are  no  such  graphs  (although  there  are  known  nonplanar  5-regular  1 -well-covered 
graphs). 

(3)  Can  the  4-regular  1 -well-covered  ^phs  be  characterized?  G"  a  computer 
search  on  all  regular  graphs  with  at  most  13  points,  Royle  [13]  found  that  there  are  only 
nine  4-regular  1-well-covered  graphs.) 
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